Abstract. We study regularized determinants of Laplacians acting on the space of HilbertMaass forms for the Hilbert modular group of a real quadratic field. We show that these determinants are described by Selberg type zeta functions introduced in [4, 5] .
Introduction
Determinants of the Laplacian ∆ acting on the space of Maass forms on a hyperbolic Riemann surface X are studied by many authors. (See, for example [13, 2, 8, 9] .) It is known that the determinants of ∆ are described by the Selberg zeta function (cf. [14] ) for X.
On the other hand, two Laplacians ∆ (1) , ∆ (2) act on the space of Hilbert-Maass forms on the Hilbert modular surface X K of a real quadratic field K. For this reason, it seems that there are no explicit formulas for "Determinants of Laplacians" on X K until now. In this article we consider regularized determinants of the first Laplacian ∆ (1) acting on its certain subspaces V (2) m , indexed by m ∈ 2N. We show that these determinants are described by Selberg type zeta functions for X K introduced in [4, 5] .
Let K/Q be a real quadratic field with class number one and O K be the ring of integers of K. Put D be the discriminant of K and ε > 1 be the fundamental unit of K. We denote the generator of Gal(K/Q) by σ and put a ′ := σ(a) for a ∈ K. We also put γ ′ = a ′ b ′ c ′ d ′ for γ = a b c d ∈ PSL(2, O K ). Let Γ K = {(γ, γ ′ ) | γ ∈ PSL(2, O K )} be the Hilbert modular group of K. It is known that Γ K is a co-finite (non-cocompact) irreducible discrete subgroup of PSL(2, R) × PSL(2, R) and Γ K acts on the product H 2 of two copies of the upper half plane H by component-wise linear fractional transformation. Γ K have only one cusp (∞, ∞), i.e. Γ K -inequivalent parabolic fixed point. X K := Γ K \H 2 is called the Hilbert modular surface. Let (γ, γ ′ ) ∈ Γ K be hyperbolic-elliptic, i.e, |tr(γ)| > 2 and |tr(γ ′ )| < 2. Then the centralizer of hyperbolic-elliptic (γ, γ ′ ) in Γ K is infinite cyclic. Here, N (p) > 1, ω ∈ (0, π) and ω / ∈ πQ. The product is absolutely convergent for Re(s) > 1. Analytic properties of Z m (s) are known. In this article, we also consider "the square root of Z 2 (s)".
By [5, Theorem 6.5] and the fact that the Euler characteristic of X K is even (See Lemma 2.2), we see that d ds log Z 2 (s) has even integral residues at any poles. Therefore, we find that Z 2 (s) has a meromorphic continuation to the whole complex plane.
Let us introduce the completed Selberg type zeta functions Z (
hyp2/sct (s; 2) := ζ ε (s).
(
Here, Γ 2 (s) is the double Gamma function (for definition, we refer to [10] or [3, Definition 4.10, p. 751]), the natural numbers ν 1 , ν 2 , . . . , ν N are the orders of the elliptic fixed points in X K and the integers α l (m, j), α l (m, j) ∈ {0, 1, . . . , ν j − 1} are defined in (2.1), ζ K (s) is the Dedekind zeta function of K, ζ ε (s) := (1 − ε −2s ) −1 and ε is the fundamental unit of K.
Let m ∈ 2N. We recall that two Laplacians (1.5) ∆
(1)
are acting on L 2 dis (Γ K \H 2 ; (0, m)), the space of Hilbert-Maass forms for Γ K with weight (0, m). (See Definition 2.6.) We consider a certain subspace of
The set of eigenvalues of ∆
Let s be a fixed sufficiently large real number. We consider the spectral zeta function by using these eigenvalues.
We can show that ζ m (w, s) is holomorphic at w = 0. (See Proposition 4.3.)
Let us define the regularized determinants of the Laplacian ∆
We see later that Det ∆ Our main theorem is as follows.
for m ∈ 2N. We have the following determinant expressions of the completed Selberg type zeta functions.
Here, the constants C m are given by
the natural numbers ν 1 , ν 2 , . . . , ν N are the orders of the elliptic fixed points in X K and the integers α 0 (m, j) ∈ {0, 1, . . . , ν j − 1} are defined in (2.1).
Proposition 2.1 (Classification of the elements). Let Γ be an irreducible discrete subgroup of G. Then any element of Γ is one of the followings.
(1) γ = (I, I) is the identity
Note that there are no other types in Γ. (parabolic-elliptic etc.) Let us consider the Hilbert modular group of the real quadratic field K with class number one,
It is known that Γ K is an irreducible discrete subgroup of G = PSL(2, R) 2 with the only one cusp ∞ := (∞, ∞), i.e. Γ K -inequivalent parabolic fixed point. X K = Γ K \H 2 is called the Hilbert modular surface.
We have a lemma about the Euler characteristic of the Hilbert modular surface X K .
Lemma 2.2. Let E(X K ) be the Euler characteristic of the Hilbert modular surface
Proof. By noting the formula E( (2), (4) 
. We complete the proof.
We fix the notation for elliptic conjugacy classes in Γ K . Let R 1 , R 2 , · · · , R N be a complete system of representatives of the Γ K -conjugacy classes of primitive elliptic elements of Γ K .
For even natural number m ≥ 2 and l ∈ {0, 1,
We divide hyperbolic conjugacy classes of Γ K into two subclasses according to their types.
Definition 2.3 (Types of hyperbolic elements). For a hyperbolic element γ, we define that
(1) γ is type 1 hyperbolic ⇔ whose all fixed points are not fixed by parabolic elements.
(2) γ is type 2 hyperbolic ⇔ not type 1 hyperbolic.
We denote by Γ H1 , Γ E , Γ HE , Γ EH and Γ H2 , type 1 hyperbolic Γ K -conjugacy classes, elliptic Γ K -conjugacy classes, hyperbolic-elliptic Γ K -conjugacy classes, elliptic-hyperbolic Γ Kconjugacy classes and type 2 hyperbolic Γ K -conjugacy classes of Γ K respectively.
2.2.
The space of Hilbert-Maass forms. Fix the weight (m 1 , m 2 ) ∈ (2Z) 2 . Set the automorphic factor j γ (z j ) = cz j +d 
Here, dµ(z) =
Then, it is known that
) be the subspace of the discrete spectrum of the Laplacians and L 2 con (Γ K \H 2 ; (m 1 , m 2 )) be the subspace of the continuous spectrum. Then, we have a direct sum decomposition :
and there is an orthonormal basis
Definition 2.6 (Hilbert Maass forms of weight (m
the space of Hilbert Maass forms for Γ K of weight (m 1 , m 2 ).
2.3. Double differences of the Selberg trace formula. Let m be an even integer. We studied and derived the full Selberg trace formula for L 2 (Γ K \H 2 ; (0, m)) in [5] . (See [5, Theorem 2.22].) Let h(r 1 , r 2 ) be an even "test function" which satisfy certain analytic conditions. Roughly speaking, [5, Theorem 2.22] is as follows.
Here, the right hand side is a sum of distributions of h contributed from several conjugacy classes of Γ K and Eisenstein series for Γ Let us consider the subspace of L 2 dis (Γ K \H 2 ; (0, m)) given by
Let h 1 (r) be an even function, analytic in Im(r) < δ for some δ > 0,
for some δ > 0 in this domain. Let g 1 (u) := 1 2π ∞ −∞ h 1 (r)e −iru dr. Then we have Proposition 2.7 (Double differences of STF for L 2 Γ K \H 2 ; (0, 2) ). Let m = 2. We have
Here, {λ j (2) = 1/4 + ρ j (2) 2 } ∞ j=0 is the set of eigenvalues of the Laplacian ∆
0 acting on V
2 .
Proof. See [5, Corollary 6.3] .
Here, {λ j (q) = 1/4 + ρ j (q) 2 } ∞ j=0 is the set of eigenvalues of the Laplacian ∆
0 acting on V 
Proof. Let G(z) be the Barnes G-function defined by (See [1, p.268].) 
we have the desired formula.
Lemma 3.2 (Asymptotics of the identity factors).
We have
Proof. By Definition 1.4,
and Lemma 3.1, we have the desired (3.2). We see that the relation log Z id (s) = 2 log Z 
for m ∈ 2N and m ≥ 4. Here α 0 (m, j) ∈ {0, 1, . . . , ν j − 1} are defined in (2.1).
Proof. We use Stirling's formula of Γ(z). (See [11, p.12] .)
By Definition 1.4,
. . , ν j − 1} for each j. Thus we have
, and find that
By (2.1), we can check that
, hence we calculate further,
Thus we have (3.5) . In addition, we note that
Since α l (2, j) = l, we see that α 0 (2, j) = 0 for any j. Therefore we have (3.4). It completes the proof.
Proposition 3.4 (Asymptotics of the completed Selberg zeta functions). We have
Proof. We note that log Z 2 (s), log Z m (s) = o(1) (s → ∞). By Definition 1.4 and Lemmas 3.2 and 3.3, we complete the proof.
Asymptotic behavior of the regularized determinants
To investigate the analytic nature of the spectral zeta function ζ m (w, s) at w = 0, we introduce the theta function θ m (t) in this section. Since the regularized determinants of the Laplacians Det m + s(s − 1) are defined by the derivative of −ζ m (w, s) at w = 0, we need to know the asymptotics of − ∂ ∂w ζ m (w, s) w=0 when s → ∞. We calculate their asymptotics in this section. We investigate the asymptotic behavior of θ m (t) as t → +0 by using Propositions 2.7 and 2.8, which are called "Double differences of the Selberg trace formula for Hilbert modular surfaces" introduced and proved in [5] . Proposition 4.2. We have the following asymptotic formulas.
Proof. For t > 0, let us take the pair of test functions h 1 (r) = e −t(r 2 +1/4) and g 1 (u) =
4t in Proposition 2.7, then we have (4.4) θ 2 (t) − 1 = I 2 (t) + E 2 (t) + HE 2 (t) + P S 2 (t) + HS 2 (t).
Here,
Firstly, we see that HE 2 (t) and HS 2 (t) are exponentially decreasing as t → +0. Secondly, by changing the variable u to √ tu in E 2 (t), we see that there is a constant b 0 (2) such that
Lastly, noting
and integration by parts, we have
We calculate the coefficients a n (2) (n = −1, 0).
Here, we used the formula:
on [6, 3.527 no.5] . Besides, we calculate the coefficient b 0 (2) appearing in E 2 (t).
Summing up each terms appearing in the right hand side of (4.4), we have the desired formula (4.2). Let us prove (4.3) with m = 4. For t > 0, we also take the pair of test functions h 1 (r) = e −t(r 2 +1/4) and g 1 (u) = Here,
4t e −u/2 e u −e 2iθ 1 cosh u−cos 2θ 1 du,
e 2iω ,
• HS 4 (t) = −2 log ε
Similarly, we see that HE 4 (t) and HS 4 (t) are exponentially decreasing as t → +0, and there is a constant b 0 (4) such that E 4 (t) = b 0 (4)+o(1) (t → +0), and I 4 (t) = ζ K (−1) 1/t−1/3 +o(1) (t → +0). Summing up each terms appearing in the right hand side of (4.5) and using (4.2) in the left side, we have the desired formula (4.3) with m = 4. One can prove (4.3) for m ≥ 6 similarly. We complete the proof. We consider the first three terms of θ m (t) in Proposition 4.2. Let
with p = 0, 9) and for m ≥ 4,
(4.10)
Besides, we have for m ≥ 4,
Proof. By the formulas (4.7) and (4.8), we find that
Therefore, by using (4.2), we have
For m ≥ 4, by using (4.3), we have
We complete the proof.
Proof of Main Theorem
In this section we prove Theorem 1.6. We prove the following two propositions. The first proposition connect the completed Selberg zeta functions: The second proposition determines the explicit relations among them. Theorem 1.6 is deduced from these two propositions.
for m ∈ 2N. There exit polynomials P 2 (s), . . . , P m (s) such that Proof. Let k be a sufficiently large natural number. We note that ε −(2β h +1) ) . 
